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Reduced Basis Technique for Calculating Sensitivity
Coefficients of Nonlinear Structural Response

Ahmed K. Noor* and Jeanne M. Peterst
NASA Langley Research Center, Hampton, Virginia 23665

An efficient reduced basis technique is presented for calculating the sensitivity of nonlinear structural
response to variations in the design variables. The structure is discretized by using two-field mixed finite element
models. The vector of structural response and its sensitivity coefficients (derivatives with respect to design
variables) are each expressed as a linear combination of a small number of basis (or global approximation)
vectors. The Bubnov-Galerkin technique is then used to approximate each of the finite element equations
governing the response and the sensitivity coefficients by a small number of algebraic equations in the amplitudes
of these vectors. The path derivatives (derivatives of the response vector with respect to path parameters; e.g.,
load parameters) are used as basis vectors for approximating the response. A combination of the path derivatives
and their derivatives with respect to the design variables is used for approximating the sensitivity coefficients.
The potential of the proposed technique is discussed and its effectiveness is demonstrated by means of numerical
examples -of laminated composite plates subjected to mechanical and thermal loads.

Nomenclature
d, = material and lamination parameters of
the plate
E,,E, = elastic moduli of the individual layers in
the direction of fibers and normal to it,
respectively
G,.r, Grr = shear moduli in the plane of fibers and

normal to it, respectively

1G(2)} = vector of nonlinear terms, see Egs. (1)

{G(¥)} = vector of nonlinear terms obtained by
replacing {Z} in the vector {G(Z)} by its

. . expression in terms of {¥}

{G(¥)}, {G(¥)} = vectors of nonlinear terms of the
reduced systems, see Eqgs. (5) and (6)

h thickness of the plate

K] = global linear structure matrix which
includes the flexibility and the linear
strain-displacement matrices, see Eqs.
(1) and (A2)

1

[K], [K] = linear matrices of the reduced systems,
see Eqs. (5) and (6)

L = side length of the plate

N, = uniform edge compressive loading, see
Fig. 1

Po = intensity of uniform transverse loading

q:> 4 = mechanical load and temperature
parameters

{QM}, {Q®} = normalized applied mechanical load and
thermal strain vectors, see Egs. (1)

. _ vectors of mechanical load and thermal
{Qm}’ {Q(h)}} = strain of the reduced systems, see Eqs.
{0M}, {0} (5) and (6)
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r = number of basis vectors used in
evaluating the response

T, = uniform temperature increase

U = total strain energy of the plate

Uy, Usy W = displacement components in the
coordinate directions

X1, Xay X3 = Cartesian coordinate system (x; normal
to the middle plane of the plate)

{Z} = response vector that includes both nodal
displacements and stress parameters

o, o = coefficients of thermal expansion of the

individual layers in the direction of
fibers and normal to it, respectively

[y, ] = matrices of basis vectors, see Egs. (3)
and (4)

0 = fiber orientation angle for individual
layers

Vi = major Poisson’s ratio of the individual
layers

b, b, = rotation components of the middle plane
of the plate, see Fig. 1

), (W} = vectors of undetermined coefficients of
the reduced equations, see Egs. (5) and
(6)

Superscripts

t = matrix transposition

Range of Indices

1,J = 1 to total number of degrees of freedom
(nodal displacements and stress
parameters)

iJ = 1 to total number of reduced degrees of
freedom used in evaluating the sensitivity
coefficients

L = 1 to the total number of lamination and
material parameters

Introduction

HE continuing active development of nonlinear analysis
procedures and the increasing use of these procedures
in automated optimum design of structural systems has stim-
ulated interest in the development of efficient techniques for
calculating the sensitivity of nonlinear structural response to
variations in the design variables (see, for example, Refs.
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1-10, and the survey papers, Refs. 11-14). The sensitivity
coefficients (derivatives of the response vector with respect
to design variables) are used to: 1) determine a search direc-
tion in the direct application of nonlinear mathematical pro-
gramming algorithms. When approximation concepts are used
for the optimum design of structures, sensitivity coefficients
are used to construct explicit approximations for the critical,
and potentially critical, behavior constraints; 2) generate an
approximation for the response of a modified structure (in
conjunction with a reanalysis technique); 3) assess the effects
of uncertainties in the material and geometric parameters of
the computational model on the structural response; and 4)
predict the changes in the structural response due to changes
in the parameters.

Two general procedures are currently being used for cal-
culating the sensitivity coefficients of the nonlinear structural
response: 1) the direct differentiation method; and 2) the
adjoint variable method (see, for example, Refs. 3, 8§-11).
The first procedure is based on the implicit differentiation of
the equations that describe the nonlinear structural response
with respect to the desired parameters, and the solution of
the resulting sensitivity equations. In the adjoint variable
method an adjoint physical system is introduced whose so-
lution permits rapid evaluation of the desired sensitivity coef-
ficients. Both procedures can be applied to either the gov-
erning discrete equations or to the functional of the variational
formulation of the structure (with a consequent change in the
order of discretization and implicit differentiation).

The discrete models for complex structures typically have
large number of degrees of freedom, and the calculation of
the sensitivity coefficients of the nonlinear structural response
can become quite expensive. Although efficient reduced basis
techniques have been developed for substantially reducing the
number of degrees of freedom in the initial discretization and
the computational effort involved in nonlinear structural anal-
ysis (see, for example, Refs. 15-17), no attempt has been
made to adapt these techniques to the calculation of sensitivity
coefficients. The present study is an attempt to fill this void.
Specifically, the objective of this paper is to present a reduced
basis technique and a computational procedure for the effi-
cient calculation of sensitivity of the nonlinear structural re-
sponse to variations in the design variables. The crux of the
technique is the effective choice of basis vectors for approx-
imating the sensitivity coefficients.

To sharpen the focus of the study, discussion is limited to
multilayered composite plates with geometric nonlinearities.
The design variables consist of lamination and material prop-
erties. Both mechanical and thermal loads are considered.

Mathematical Formulation

Governing Finite Element Equations

The analytical formulation is based on a form of the mod-
erate rotation, geometrically nonlinear theory of the struc-
ture. A total Lagrangian formulation is used for describing
the deformation and the structure is discretized by using two-
field mixed finite element models. The governing finite ele-
ment equations for the response vector and its sensitivity coef-
ficients can be written in the following compact form.!0-13-17

[KHZ} + {G(2)} — qiQ"} — ¢{Q%} = 0 M

and
oG, faz| = |oK oG
[“‘1 ¥ [7”{5} = ‘[aTJ{Z} - {a—d}

A0 (2)
+ q.{%%—} + qz{%—} (2)

where [K] is a global linear structure matrix that includes the
flexibility, and the linear strain-displacement matrices; {Z} is
the response vector that includes both nodal displacements
and stress parameters; {G(Z)} is the vector of nonlinear terms;
¢, and g, are mechanical load and temperature parameters;
{Q} and {Q*®} are normalized applied mechanical load and
thermal strain vectors; and d, are design variables, selected
in the present study to be lamination and material parameters.
The form of the arrays [K], {G(Z)}, {Q‘"} and {Q™} is described
in Appendix A. Note that Eqgs. (1) are nonlinear in {Z} but
Egs. (2) are linear in {0Z/od,}.

Basis Reduction and Reduced System of Equations

The response vector {Z} and its derivatives with respect to
d,, {9Z/3d }, are expressed as linear combinations of a few
preselected basis vectors. The approximation can be ex-
pressed by the following transformation

{z} = [T}{w} (3)
and
oZ —_
{a—d} = [FKWP.} 4)

The columns of the matrices [I'] and [I',] in Egs. (3) and (4)
are the basis vectors, and the elements of the vectors {¥} and
{W,} are the amplitudes of the approximation vectors which
are, as yet, unknowns. Note that the number of basis vectors
in Egs. (3) and (4) is considerably smaller than the total
number of degrees of freedom (components of the vectors {Z}
and {9Z/3d.}).

A Bubnov-Galerkin technique is now used to replace the
governing equations for the structural response and its sen-
sitivity coefficients, Eqs. (1) and (2), by the following reduced
equations in the unknowns {¥} and {W,}

[K{¥} + {G(¥)} — ¢:{QV} — ¢:{0®} =0 (5)

and
GRS ORRE
+ %{aan(Ll)} + QZ{aan(LZ)} (6)
where
[K] = [T]{K][T] (7
{G(W)} = [IT{G(w)} (8)
{0} = [I1{e™} )
{0®) = [I{Q*} (10)
[K]= [TJK][T] (11
3G, | _ =l 3G |
[WJ =[] [azj]m (12)
af T %
[;J = [T [adl]m (13)

oG e
) - mi} o

6-Q_-“) —ITY m
{77} - f”{ od } (15
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D) _ r o0

Note that Eqs. (5) are_nonlinear in the unknowns {¥} and
Eqs. (6) are linear in {W,}. The vector {G(¥)} in Egs. (8)is
obtained by replacing {Z} in the vector {G(Z)} by its expression
in terms of {¥}, Eqs. (3).

Selection and Generation of Basis Vectors

The effectiveness of the proposed technique for calculating
the sensitivity coefficients depends, to a great extent, on the
proper choice of the basis vectors, the columns of the matrices
[['] and [I'"]. An effective choice for the basis vectors used in
approximating the response vector {Z}, Egs. (3), was found
to be the various order path derivatives (derivatives with re-
spect to the control parameters g, and g,);'®!” that is, the
matrix [I'] used in approximating {Z}, over a range of values
of g, and ¢, includes the response vector corresponding to a
particular combination of ¢,, ¢, (viz, g9, ¢3) and its various-
order derivatives with respect to g, and ¢q,, evaluated at the
same values of g9, g3, or

0z) (922) [ oz \[o2z
r1= [{ }{6(11}{8(12} {@} {aqlaqz} {851%}' ) ] (7)
v Oqﬂ

K5

The basis vectors for approximating the sensitivity coeffi-
cients {9Z/dd,} were selected to be a combination of: 1) the
various order path derivatives; that is, the columns of the
matrix [I']; and 2) the derivatives of [T'] with respect to d,;
that is [aI'/3d,]. Therefore

r] = [m[%ﬂ (18)

and the number of basis vectors in [I'], for each d,, is twice
the number of basis vectors in [I']. _

The rationale for the particular choice of [T'] is based on
the following two facts: 1) differentiating Eqgs. (3) with respect

to d, leads to:
0Z o ar
ot = w5« 2] (49

that is, the expression for {9Z/éd,} includes borh [I'] and
[aT/ad]; and 2) the use of free parameters {W,}, instead of
the fixed amplitudes {9W/dd, } and {W} is expected to improve
the accuracy of the approximation for {9Z/dd.}, over a wide
range of values of (q,, g.). The free parameters {W} are
obtained by applying the Bubnov-Galerkin technique to Egs.
(2), resulting in Egs. (6).

The path derivatives (columns of the matrix [I']) are ob-
tained by successive differentiation of the governing finite
element equations of the structure, Eqgs. (1), with respect to
the parameters g, and g,. The recursion relations for evalu-
ating the path derivatives are given in Ref. 18. The first few
recursion relations are summarized in Appendix B. Note that
only one matrix factorization is needed for generating all the
path derivatives.

The derivatives of [I'] with respect to d,, [0]/dd ], are ob-
tained by differentiating each of the recursion relations for
evaluating the path derivatives with respect to d,. The re-
sulting equations have the same left-hand side as that of the
recursion relations, and therefore, no additional matrix fac-
torizations are needed for generating [0I'/od] (see Appendix
B).

Computational Procedure

The computational procedure for generating the nonlinear
response vector {Z} and its sensitivity coefficients, {3Z/ad. },
can be conveniently divided into two distinct phases, namely:
1) evaluation of the basis vectors, at a particular combination
of q,, g, (viz., q9, ¢%) and generation of the reduced equations;
and, 2) marching with the reduced equations in the solution
space and generating the response and sensitivity coefficients
at different combinations of q,, ¢,.

For each combination of g, and ¢,, the vector of reduced
unknowns, {W}, is obtained by solving the reduced nonlinear
equations, Egs. (5). Then the vectors {W,}, associated with
the same value of {¥}, are evaluated by solving the reduced
linear equations, Egs. (6). The response vector and its sen-
sitivity coefficients, {Z} and {0Z/3d,}, are obtained by using
Egs. (3) and (4). The process is repeated for different com-
binations of g, and g,.

The computational procedure proposed in Refs. 16, 17, and
18 for sensing and controlling the error of the response vector
{Z}, predicted by the reduced system of equations, is used
for error sensing and control of the sensitivity coefficients
{9Z/ad.}.

Numerical Studies

To test and evaluate the effectiveness of the proposed re-
duced basis technique, the sensitivity coefficients of the non-
linear and postbuckling responses of several structures were
generated by this technique. Comparisons were made with
the sensitivity coefficients obtained by using the full system
of equations of the finite element model. Typical results are
presented herein for the simply supported eight-layer quasi-
isotropic composite plate shown in Fig. 1. The sensitivity coef-
ficients are calculated for the two cases: 1) nonlinear response
due to uniform transverse loading (9, = p,, g, = 0); and
2) postbifurcation response when the plate is subjected to
uniform axial compressive edge loading, N,, and a uniform
temperature increase T, (q, = N,, ¢, = T,).

Both the nonlinear and postbifurcation responses of the
plate exhibit inversion symmetry characterized by the follow-
ing relations:

ua(xl’ x2) = _ua(_xl’ _xz)
wxy, x) = w(—x,, —x,)

Da(x15 X2) = —d(—~x1, —x3)

a=12  (20)

The above symmetry relations were used in conjunction
with the procedure outlined in Ref. 19 to reduce the size of
the analysis model to one-half of the plate. Note that the plate
responses do not exhibit reflection symmetry with respect to
the x, and x, planes, and therefore, the analysis model cannot

L =0254m

E_ =1.303x 10" Pa

Er=9377x10%Pa

G =4502x 109 Pa

Grr=1724x10°Pa

v 1=033

o =0.139x 10°6/°C

o =9.0x1080°C
Thickness of individual layers

=1.27x10%m
w Q,
w m Fiber orientation
/N 0 = [+45/0/90]
E‘/ 2 ©
S N N Ny Boundary conditions:
At xq=tL/2:
Up=W=0p=0
J "*M2| At xp=tL/2
Uy =Wy =0

Fig. 1 Composite plate considered in the present study and sign
convention for generalized displacements and stress resultants.
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be reduced to one quadrant of the plate. An'8 x 16 grid of
mixed finite elements was used for the discretization of half
the plate. Biquadratic shape functions were used for approx-
imating each of the generalized displacements, and bilinear
shape functions were used for approximating each of the stress
resultants. The total number of stress resultant parameters
was 4096, and the total number of generalized displacement
degrees of freedom was 2525.

The characteristics of the finite element mode] are given in
Ref. 20. The nonlinear and postbuckling responses as well as
their sensitivity coefficients were calculated by using the re-
duced basis technique. Typical results are presented in Figs.
2, 3, and 4 for the nonlinear response and in Figs. 5, 6, and
7 for the postbuckling response. The results are discussed
subsequently.

Nonlinear Response Due to Uniform Transverse Loading

Figure 2 shows plots of the loading vs the maximum trans-
verse displacement w, and the total strain energy U as well
as their sensitivity coefficients with respect to the material
parameters, E,, E;, G, 1, v, 7, G and the total plate thick-
ness . As can be seen from Fig. 2, both w, and U are very
sensitive to variations in 4 and E,; they are slightly sensitive
to variations in E and G, ; and fairly insensitive to variations
in v, and Gy

The basis vectors for both the response and the sensitivity
coefficients were generated for the unloaded plate p, = 0,
and were thus, obtained by solving a linear system of finite
element equations. Then the reduced equations for evaluating
the response and the sensitivity coefficients were generated.
The basis vectors were not updated throughout the range of
loading considered. An indication of the accuracy of w, and
U, and their sensitivity coefficients, obtained by the reduced
basis technique is given in Fig. 3.

For the range of loading considered, w, and U obtained by
using ten basis vectors are almost indistinguishable from those
obtained by using the full system of finite element equations.
The sensitivity coefficients of w, and U with respectto k, E,,
and G,, obtained by using twenty basis vectors (first ten
derivatives of {Z} with respect to p,, and their first derivatives
with respectto d,, r = 10) are as accurate as w, and U obtained
by using ten basis vectors (first ten derivatives of {Z} with

=10

1 I | jx103 | | L | x10710
0 2 4 6 8 0 07 14 21 28

20—

E—‘;mr—

oo b o + X
[}
j

0 L x103 | \

) 6 4 2 0 20 15 10 -05 0
e | o

034, T 43dy EL3

Fig. 2 Nonlinear response and sensitivity coefficients for the com-
posite plate subjected to uniform normal loading (see Fig. 1).
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Fig. 3 Accuracy of the nonlinear response and sensitivity coefficients
obtained by the reduced basis technique. Composite plate subjected
to uniform normal loading (see Fig. 1).

respect to p,, r = 10). Normalized contour plots for w, ¢,,
¢, and their sensitivity coefficients with respect to h and E,,
at p/E; = 18.13 x 107%, are shown in Fig. 4. Note that the
contour plots of the generalized displacements bear some re-
semblance to the contour plots of their sensitivity coefficients.
Also note that the contour lines for the sensitivity coefficients
are somewhat closer to each other than the corresponding
ones for the response functions. This supports the observa-
tion, which has been mentioned in Ref. 21, that accurate
sensitivity calculations may require a more refined grid than
accurate response calculations.

The computational time associated with the foregoing tech-
nique is considerably less than that associated with the direct
application of Eqgs. (2). This is particularly true when the
sensitivity coefficients are needed at several different values
of p,. This is because the decomposed full-structure matrix
on the left-hand-side of Egs. (2) is needed for each value of
po at which the sensitivity coefficients are required. Unless
the response vector {Z} is obtained by solving the full system
of nonlinear equations, Eqs. (1), using the Newton-Raphson
technique the decomposed left-hand-side matrix of Egs. (2)
is not readily available (which is the case when the response
vector is obtained by using quasi-Newton method or the re-
duced basis technique). By contrast, in the foregoing tech-
nique, the most time-consuming operations are those asso-
ciated with the generation of the basis vectors and reduced
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Fig. 4 Normalized contour plots for the generalized displacement
components and their sensitivity coefficients. Composite plate sub-
jected to uniform normal loading (see Fig. 1). Spacing of contour lines
is 0.2 and dashed lines denote negative contours. An X denotes location
of maximum absolute value of the component. p,/E,; = 18.13 x 10~5,

equations. The computational time expended in the solution
of the reduced equations for the response and the sensitivity
coefficients is very small. Because the basis vectors are eval-
uated at p, = 0, their generation requires only the decom-
position of the linear matrix of the plate [K]; evaluation of
the right-hand sides of the recursion relations for the basis
vectors, and forward reduction-back substitution. These op-
erations are computationally less expensive than the decom-
positions of the left-hand side matrices of Egs. (2). For the
present problem, the computer time required to generate the
sensitivity derivatives using Egs. (2) at the different values of
Do, after the response vectors {Z} were obtained using the
reduced basis technique, was 4.64 times that of the foregoing
technique. This ratio increases rapidly as the number of times
of evaluating the sensitivity derivatives increases.

Postbuckling Response Due to Combined Edge
Compressive Loading and Uniform Temperature Rise

Figure 5 shows the stability boundary (interaction curve),
the postbuckling response curves for various values of the
applied edge compressive loading; and the sensitivity coeffi-
cients of the normal displacement at the center w. and the
total strain energy U. The material parameters considered are
E,, E;, G,+ «a,, and a,. The interaction curve is nearly a
straight line. The response curves, associated with different
values of the edge compressive loading, are nearly parallel.

The center displacement w, immediately after buckling, is
very sensitive to changes in E,, a,, and E;. However, for
higher values of T, w. is fairly insensitive to changes in these
material properties. The total strain energy U is very sensitive
to variations in E, , E, and a; and less sensitive to variations
in G, and «,. The sensitivity coefficients of U increase with
increasing temperature.

A nonlinear solution was obtained in the vicinity of the
stability boundary for N,/N,_ = 0.50. Newton-Raphson tech-
nique was used in conjunction with the full system of equa-
tions to generate the solution. The basis vectors for evaluating
both the postbuckling response and its sensitivity coefficients
were generated at the same value of 7,. The left-hand side
of the equations used in evaluating the basis vectors are the

32—
24 —
NyL2
e 16 |~
8 |-
| | L |
0 14 28 42 56
7,2
opTo— PR,
Ryfing h2 NNy,
128 0.25 0.25
0.50 0.50
06 - 075 | 0.75
L2
.Y -
or °% 64
32—~ ~
| | | | 1 ] | |
0 5 1.0 15 2.0 0 .37 74 111 148
we/h UL
Eqhé
@
L2
T, -
o ohz 64
} | 1 | ]
6 -.65 0 85 1.30 195
dp 8Y _L
2 5df Eqnt
(b) Ny = 0.50 Ny,

Fig. 5 Stability boundary and postbuckling response of the composite
plate subjected to combined temperature increase and axial edge
compression (see Fig. 1). N,"Lz/E'Th3 = 30.85.

same as those in the last Newton-Raphson iteration used in
evaluating the nonlinear postbuckling response.

An indication of the accuracy of w, and U and their sen-
sitivity coefficients obtained by using the reduced basis tech-
nique is given in Fig. 6. Note that, for the range of temperature
considered, w,. and U obtained by using ten basis vectors (the
nonlinear solution and its first nine derivatives with respect
to T,) are indistinguishable from those obtained using the full
system of finite element equations. The same is true about
the sensitivity coefficients of w, and U obtained by using twenty
basis vectors (the ten basis vectors used for approximating
the response and their first derivatives with respect to d,).

Normalized contour plots for the generalized displacements
w, ¢,, ¢, and their sensitivity coefficients with respect to E,
and a; are shown in Fig. 7 for two values of T,. At T, =
27.74 h*/(arL*), which corresponds to a plate configuration in
the vicinity of buckling, the contour plots for the sensitivity co-
efficients are very similar to those of the response quantities.
For higher temperatures, for example, T, = 111.41 A*/(aL?),
the contour plots for the sensitivity derivatives of w are slightly
different, from the corresponding w contours.

Potential of the Foregoing Reduced Basis Technique

The foregoing reduced basis technique seems to have high
potential for use in large-scale automated analysis and design
systems. The numerical studies conducted clearly demonstrate
the accuracy and effectiveness of the technique. In particular,
the following comments seem to be in order.

1) The particular choice of the basis vectors used herein for
approximating the sensitivity coefficients (columns of the ma-
trix [I']) allows the accurate prediction of these coefficients
for a wide range of values of the load parameters.

2) The computational procedure developed for predicting
the nonlinear response using the reduced basis technique (see,
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Fig. 6 Accuracy of the postbuckling response and sensitivity coeffi-
cients obtained by the reduced basis technique. Composite plate sub-
jected to combined temperature increase and axial edge compression
(see Fig. 1). N./N," = 0.50.

for example, Refs. 16, 17, and 18) can now be extended to
the prediction of the sensitivity coefficients as well. When a
new set of basis vectors, for approximating the response, is
generated, the derivatives of each of these vectors with respect
to the design variables (columns of the matrix [6]/dd,]) are
generated as well.

3) As pointed out in the preceding section on numerical
studies, the computational time associated with the foregoing
technique is considerably less than the direct application of
Eqgs. (2). This is particularly true when the reduced basis
technique is used in generating the nonlinear response, and
when the sensitivity coefficients are needed at several differ-
ent values of the load parameters.

4) The foregoing techniques can be easily extended to the
evaluation of the second-order sensitivity coefficients, as well
as to structural reanalysis (analysis of modified structures).
For the second order sensitivity coefficients the matrix of basis
vectors is selected to be [I'] = [[I')[8]'/ad ][6°I"/od?]]. In struc-
tural reanalysis, the set of basis vectors included in [I'] are
used for predicting the nonlinear response of the modified
structure.

Concluding Remarks
An efficient reduced basis technique is presented for cal-
culating the sensitivity of the nonlinear structural response to
variations in the design variables. The analytical formulation

8X_ / .8 L9 / X
X/ Xlmax BEL |3EL max dat !aaT max

2
a) orTy % -27.74

xy X X / .
X/IXlmax 3EL IGEL max 3ot |8uT max

x
[
£

b} uyTO;—zz = 111.41
Fig. 7 Normalized contour plots for the generalized displacement
components and their sensitivity coefficients. Composite plate sub-
jected to combined temperature increase and axial edge compression
(see Fig. 1). N,/N , = 0.50. Spacing of contour lines is 0.2 and dashed
lines denote negative contours. An x denotes location of maximum
absolute value of the component.

is based on a form of the moderate rotation, geometrically
nonlinear theory of the structure. A total Lagrangian descrip-
tion is used and the structure is discretized by using two-field
mixed finite element models. The equations governing the
sensitivity coefficients are obtained by implicit differentiation
of the discrete finite element equations of the structure. The
vector of structural response and its sensitivity coefficients,
with respect to design variables, are each expressed as a linear
combination of a small number of basis (or global approxi-
mation) vectors and the Bubnov-Galerkin technique is used
to approximate each of the finite element equations governing
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the response and the sensitivity coefficients by a small number
of algebraic equations in the amplitudes of these vectors. The
path derivatives (derivatives of the response vector with re-
spect to a path parameter) are used as basis vectors for ap-
proximating the response. A combination of the path deriv-
atives and their derivatives with respect to the design variables
is used for approximating the sensitivity coefficients.

The potential of the proposed technique is discussed and
the effectiveness of the basis vectors used in approximating
the sensitivity coefficients is demonstrated by means of two
numerical examples of the nonlinear and postbifurcation re-
sponses of an eight-layer quasi-isotropic plate.
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Appendix A: Form of the Arrays in the Governing
Discrete Equations of the Structure
The governing discrete equations of the structure, Egs. (1),
consist of both the constitutive relations and the equilibrium
equations for the structure. The response vector {Z} can be
partitioned into the subvectors of stress parameters {H} and
the nodal displacements {X} as follows:

z) = {’,}’} (A1)

The different arrays in Eqs. (1) can be partitioned as
follows:

(K] = [;,F 3] (A2)
G@) = { Nﬁﬁf‘g} (A3)
o) = {}1} (Ad)
ooy = {80} (AS)

where [F] is the flexibility matrix; [S] is the linear strain-
displacement matrix; {M(X)} and {N(H, X)} are the subvectors
of nonlinear terms; {P} is the vector of normalized applied
mechanical loads; and {€} is the vector of normalized thermal
strains.

Appendix B: Evaluation of Path Derivatives and Their
First Derivatives with Respect to d,

The path derivatives in Eqs. (17) are obtained by successive
differentiation of the governing finite element equations, Egs.
(1), with respect to the two parameters ¢, and ¢,, and solving
the resulting system of linear algebraic equations. The recur-
sion relations for the path derivatives can be written in the
following compact form:

3G, | a°+Z, _
K, + —=|— = p&++» B1
[ Y 621} dqgioqs (B1)

where /, J range from 1 to the total number of degrees of
freedom in the model. The total number of the (s + f) com-

Table B1
s+t s ! R
0"
2 2 9°G, IZ, 9z,
02,02, oq, oq,
1 1 3°G, oZ,dZ,
02,02, 9q, 99
3 3 0 _3 9°G, a_Z_J Iz,
0Z,0Z, 9q, qi
2 1 9°G, (9°2,0Z, 9°Z, oZ,
oz,0z, (371%_ 8, | aq.0q 0711)

binations is (r — 1), where r is the number of basis vectors,
and the explicit forms of the components of the right-hand
sides, Ry ™", are given in Table B1.

In Table B1, a repeated uppercase Latin index denotes
summation over its full range and G, are bilinear (or quadratic)
functions of Z;. The expressions for the other right-hand sides
not listed in Table B1 (e.g., fors = 0,¢t = 1,ands = 0, ¢
= 2) are obtained from the expressions given in Table B1 by
interchanging ¢, and g..

The sensitivity derivatives of the path derivatives are ob-
tained by differentiating Eqs. (B1) with respect to the design
variables d,. The resulting equations can be written in the
following compact form:

K 9_(;1 as+1+lzj B BR?H)
YT 8z, | agioqied,  od

v

B [BK,, 8°G, (B2)

9°G, oZ,] 9°+'2,
ad, ' 0Z,0d,

3Z,0Z, od, | g5

where d, refers to any of the design variables and s + 7 > 0.
For the case when s = ¢ = 0, the sensitivity derivatives are
given by Eqs. (2).
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